We report on an original and simple formulation of the phase shift in N -light-pulse atom interferometers. We consider atomic interferometers based on two-photon transitions (Raman transitions or Bragg pulses). Starting from the exact analytical phase shift formula obtained from the atom optics ABCD formalism, we use a power series expansion in time of the position of the atomic wave packet with respect to the initial condition. The result of this expansion leads to a formulation of the interferometer phase shift where the leading coefficient in the phase terms up to T k dependences (k ≥ 0) in the time separation T between pulses, can be simply expressed in terms of a product between a Vandermonde matrix, and a vector characterizing the two-photon pulse sequence of the interferometer. This simple coefficient dependence of the phase shift reflects very well the atom interferometer's sensitivity to a specific inertial field in the presence of multiple gravito-inertial effects. Consequently, we show that this formulation is well suited when looking for selective atomic sensors of accelerations, rotations or photon recoil only, which can be obtained by simply zeroing some specific coefficients. We give a theoritical application of our formulation to the photon recoil measurement.
Introduction
Since the first demonstration of cold atom interferometric inertial sensors [1, 2] in the 1990s, light-pulse Atom Interferometers (AIs) have become very stable and extremely accurate sensors for the measurements of fundamental constants such as gravitational constant [3] or the fine structure constant [4, 5] , and inertial forces like gravity acceleration [6, 7] , Earth's gravity gradient [8, 9] or rotations [10] [11] [12] finding variety of applications in geodesy, geophysics, metrology, inertial navigation among others. In addition, high sensitivity AIs have become promising candidates for laboratory tests of General Relativity (GR) [13] especially for gravitational-waves (GW) detection [14, 15] , short-range forces [16] and tests of the weak equivalence principle (WEP) [17] . For all applications, high resolution measurements must take into account high order terms in the phase shift to increase the sensors accuracy and sensitivity.
Phase shift calculations in light-pulse AIs in the presence of multiple gravito-inertial fields have already been deeply investigated [18] [19] [20] [21] . However, the phase shift formulations are not always convenient when one wants to use them for practical applications such as the development of atomic sensors that could be selectively sensitive to a particular inertial field such as a rotation, acceleration as well as cross terms. In this letter we derive a novel formulation for phase shift calculations in N light-pulse AIs considering the case of two-path interferences in the presence of multiple gravito-inertial fields. The formulation presented in this letter could be of practical interest both for the understanding of contribution of inertial terms to the phase shift, as well as for applications to the development of selective inertial sensors. This simple and exact formulation is obtained starting from an exact analytical phase shift formula valid for any pulse sequence and taking into account gravity, gravity gradient and rotations [22] . The article is organized as follows. In section 2 we introduce the general framework of our calculations and give a simple formulation of the phase shift up to T k dependences. We explicitely derive the phase shift up to order k = 4 in the presence of multiple gravitoinertial fields. In section 3 we give a physical analysis of the leading coefficients of the phase shift obtained with our formulation. In section 4 we consider the effects of wave vector change and photon recoil on the atomic phase shift in the presence of inertial forces. In section 5 we give the expression of the total phase shift for any N-light pulse AI according to our formulation. We then apply our formula to the case of a Mach-Zehnder atomic interferometer and evaluate the phase shift terms of our compact cold rubidium atom gravimeter. We show that our results are consistent with previous work of Antoine et al., Dubetsky et al., and Wolf et al. [19, 22, 24] . In section 6 we demonstrate the benefit of our formulation when searching for a particular selective inertial atomic sen-sor. We give theoritical examples of N-light-pulse AIs dedicated to the photon recoil measurement.
Calculations

Notations
We consider N -light-pulse AIs in which atoms undergo two-photon transitions (Raman transition or Bragg pulse) and where the two laser beams are counterpropagating or co-propagating with pulse sequences only separated in time. We consider AIs in the limit of short pulses. A two-photon transition is treated as a single photon transition with effective frequency ω = ω 1 − ω 2 and effective wave vector k = | k 1 − k 2 | corresponding to the difference in frequency and wave vector respectively. In our formalism, 2M -photon Bragg transitions (with M being the Bragg diffraction order, M ≥ 1), could be considered by simply giving to the effective wave vector a magnitude M k. In the following calculations, we will consider M = 1, unless specified. Thus, a Bragg transition will be equivalent to a Raman transition if one does not matter about the quantum internal state. We will precise wether the internal quantum state changes (Raman pulse) or not (Bragg pulse) if necessary.
Time and laser field notations
We first consider AIs for which light pulses are all equally separated by time T ,(extension to the case of an arbitrary pulse sequence is possible (see section 3 3.2)). The AIs are cut into as many slices as there are interactions. Hence, the time of the i-th light-pulse is defined as :
The effective frequencies and wave vectors will be considered different for each pulse in order to compensate for Doppler shift. Hence, the effective laser frequency is chirped linearly so as to maintain the resonance condition for each light-pulse as it is in the case of gravity, and resonance condition, will be satisfied. The effective wave vector k i and frequency ω i of the two-photon transition of the i-th light pulse are defined as:
Where ∆k accounts for the difference in effective wavevector and ∆ω is the frequency difference due to the laser chirp, independent of the laser pulse number i. For instance, ∆k is equal to zero when chirping symmetrically two counter propagative laser beams, whereas ∆ω is not. We introduce an effective laser phase:
Interferometric variables
Any of the AI's that we consider will consist of time sequences of two kinds of pulses [25] :
• π/2 pulses that will play the role of matter-wave beam splitters.
• π pulses that will act as matter-wave reflectors (or mirrors).
One path of an N -pulse AI is described by a vector ǫ = (ǫ 1 , ǫ 2 , · · · , ǫ i , · · · , ǫ N ) where ǫ i accounts for the angular splitting induced by the atom-light interaction at time t i , with ǫ i = +1 and ǫ i = −1 for an upward and downward momentum transfer ∆p i = ǫ i k i respectively, and where k i is along the z direction. When the atom remains in the same momentum state, ǫ i = 0. An example of pulse beam-splitter (i.e. π/2 pulse) and mirror pulse (i.e. π pulse) are given in Fig. 1 . Figure 1 : Recoil diagram of a two-photon transition: the two-photon transition (Raman or Bragg) couples two momentum states. During the process the momentum transfer ∆p i = ǫ i k i at time t i ; (a) Beamsplitter pulse : the atom is put in a coherent superposition of two momentum states; (b) Mirror pulse: the atom's momentum state is changed with momentum ∆p. Solid and dashed lines correspond to two different momentum states correponding to the same internal quantum state (Bragg pulse) or different internal quantum states (Raman transition). The two paths are described with vector ( ǫ) and ( ǫ ′ ).
We will consider two-path AIs. Each path is described by a vector G k (upper path) and G ′ k (lower path) which takes into account the two-photon pulse sequence:
with k an integer (k ≥ 0). We introduce:
where V is a Vandermonde matrix with coefficient v mn = (n−1) m−1 and where ∆ǫ i = ǫ i −ǫ ′ i is the difference of interaction between two paths at time t i . As an example, we give in Fig. 2 the case of the well-known two-path Mach-Zehnder atomic interferometer, and focusing on one exit port of the interferometer one gets for the upper path ǫ = (1, −1, 0) and ǫ ′ = (0, 1, −1). Consequently one finds ∆ ǫ = (1, −2, 1). One could have chosen the other exit port of the interferometer which would not affect ∆ ǫ. 
Atom Interferometer phase shift calculation
The phase shift in a light-pulse AI is often calculated in three steps. In a first step one identifies the different arms of the interferometer and calculates the phase shift due to atom-light interaction and free propagation of the atoms along each independent arm. In a second step one makes the difference between the phase shift obtained in each arm. Finally, in a third step, a phase shift due to spatial separation of the atoms is added. To calculate the total phase shift one can use the Feynman path integral formalism [26] , considering atoms as plane waves. One limitation of this approach is that it is difficult to perform when one wants to account for simultaneous gravito-inertial effects such as gravity, rotation, gravity gradient and their interplay, as addressed in this paper. In this context, the starting point of our approach is based on the atom optics ABCD formalism developed by Bordé [21] . This method allows both to consider atoms as wave packets, as well as to calculate the exact interferometric phase shift arising from multiple inertial effects.
N-light-pulse AI phase shift derivation
For any time-dependent hamiltonian at most quadratic in position z and momentum p, which is the case for essentially all atom interferometric applications, the exact phase shift formula for a N -light-pulse AI with wave vector k along the z = k k . R direction is [22] :
The right hand side of equation (7) has two separate contributions. The first summation term accounts for the inertial phase shift, that we will denote ∆Φ inertial with z i (and z ′ i ) being the position of the wave packet at time t i of the upper path (and lower path) respectively, and where one assumes no offset in the initial positions of the wave packet, ∆z 1 = z 1 − z ′ 1 = 0. This inertial phase shift depends on the classical mid-point position of the atoms at time t i . The second summation term is a time-dependent laser phase shift that we will denote ∆Φ t . According to (4) the time dependent laser phase shift for any AI consisting of N -light-pulse can be expressed as follows:
where ∆G 0 , ∆G 1 , ∆G 2 are defined in (6) . Thus we will mainly focus on the inertial phase shift calculation. For simplicity we will first assume no wave vector change (∆k = 0), as well as no photon recoil effect. These high order terms will be taken into account in section 4. Thus, the absence of recoil effect leads to z i = z ′ i in equation (7) which can be written:
In our method, we calculate the inertial phase shift, by making a Taylor expansion in power of T of the z position of the wave packet with respect to the first light-pulse (t 1 = 0) of the interferometer, assuming z 1 = 0:
where
After some algebra the inertial phase shift is given by:
where ∆G k is defined in equation (6) . One can rewrite (11) considering the action of any gravito-inertial fields on the atoms located at position R, leading to the final expression:
where we introduce as a notation the function
. This function depends on the atomic initial position R 1 and velocity v 1 , and any gravitoinertial forces experienced by the atoms. Moreover, it is independent of the AI geometry. We will apply this novel formulation of the phase shift obtained in equation (12) in the next section.
Phase shift due to gravito-inertial fields
In this section we use our formulation to derive the phase shift when the atom is submitted to simultaneous time independent gravito-inertial fields like gravity, gravity gradient and rotation. We consider the same two cases (A and B) treated in the previous work of [22] . In case A, the AI is fixed to the Earth frame R ′ , rotating with rotation rate Ω with respect to to the inertial reference frame (i-frame), R (see Fig. 3 ). In case B, the AI is fixed to a rotating platform of rotation rate Ω ′ = Ω for convenience. ′ with local coordinate system (x, y, z) where the z-axis is chosen to point away from the Earth center, with rotation rate components Ω = (0, Ω cos λ, Ω sin λ).
To give the phase shift for each case (A and B), we calculate the
functions of equation (12) . For k = 0, 1 these functions simply correspond to initial atomic position R 1 , and velocity v 1 respectively. To calculate higher order derivatives (k ≥ 2) we use the classical equations of atomic motion given by:
with (a) the relative acceleration, (b) the Coriolis acceleration and (c) the centrifugal acceleration and where we have introduce gravity at position R as:
where Γ is the gravity gradient tensor with its origin taken at position R 1 = R(t = t 1 ).
In order to calculate
to perform time derivation of (13). Moreover, one can notice that time derivation of (14) is strictly depending on case A or B. In order to provide a unified treatment we introduce parameter η to distinguish between both cases. Assuming η = 1 for case A, and η = 0 for case B, one obtains:
One interesting feature of equation (15) is that it takes into account both cases A and B simultaneously. Choosing η = 0, or η = 1 and calculating successive higher order time derivatives using (13) and its derivatives and substituting in equation (12) allows to calculate the global inertial phase shift for any N light-pulse AIs.
Application
Considering the rotating Earth frame, one can define
as the initial velocity of the atoms and acceleration
as the sum of gravity and centrifugal accelerations.
One can now calculate the function
, Ω, Γ up to order k. Calculating the inertial phase shift up to terms proportional to T 2 (k = 2) leads to :
Equation (17) exhibits the total inertial phase shift to the second order in the time seperation beetween pulses. In this case, one can see that F 2 is only a function of constant acceleration a, initial velocity v
and constant rotation Ω.
In Table 1 we extend the phase shift calculation up to terms proportional to T 4 for whatever the case is (A or B). In this case, cross-terms between gravity gradient Γ, acceleration a and rotation Ω appear in the phase shift expression.
One can notice from Table 1 that the coupling between the gravity gradient and rotation is case dependent. When the AI is fixed to a mobile platform, there is a coupling between gravity gradient and rotation whereas this coupling vanishes in case A, when the sensor is fixed to the Earth frame. Moreover, Table 1 highlights the benefit of our formulation where the phase shift terms up to T k dependences appear as a simple product between the inertial fields and a specific ∆G k coefficient. The physical meaning of ∆G k coefficients will be given in section 3 for well-known AIs. Moreover, one would like to emphasize that this formulation may also adress the case of an optical corner cube gravimeter such as the FG-5 [23] , by simply nulling the laser chirp ∆ω in Table 1 and considering a 2 pulse interferometer with ∆ ǫ = (0, 1).
Analysis and link with well known AIs
In this section we give a physical interpretation of the leading terms ∆G k of the phase shift which are directly related to the two-photon light pulse sequence of the interferometer through equation (6).
Impact of ∆G k coefficients and AI symmetry
Assuming no inertial effects and focusing on the first ∆G 0 (k = 0) term of the phase shift, one can show that this term gives an information on the interferometer's closure in momentum space. This information is related to the space-time geometry of the atom interferometer. Searching for the first N -light-pulse interferometer closed in momentum space (i.e. ∆G 0 = 0) with ∆ǫ 1 = 1, one finds out that N ≥ 2. For N = 2, the simplest atom interferometer closed in momentum space is depicted in (Fig. 3.(a) . It is the atomic clock configuration, also called Ramsey-Raman interferometer consisting of two pulses (π/2, t 1 = 0) − (π/2, t 2 = T ) separated by a free precession time T = t 2 − t 1 . One can see that this interferometer is time-antisymmetric, meaning that ∆ǫ 1 = −∆ǫ 2 . This closure in momentum space can be expressed as:
leading to ∆G 0 = 0. The ∆G 1 (k = 1) coefficient of the phase shift is related to the closure in space-time of the atom interferometer. In the Ramsey-Raman interferometer (∆G 1 = 1), thus the total phase shift is dependent on the initial atomic velocity and on the time dependent phase shift term. In order to build interferometers both closed in momentum and position space, one needs to look for N ≥ 3 pulse interferometers. Considering a three-pulse interferometer one has to solve for:
For ∆ǫ 1 = 1 one finds the well-known single-loop, Mach-Zehnder configuration [27, 28] consisting in the pulse sequence (π/2, t 1 = 0) − (π, t 2 = T ) − (π/2, t 3 = 2T ). The interferometer is depicted in (Fig. 3.b) ). Considering two-photon Raman transitions, the first π/2 pulse puts the atom in a coherent superposition of ground and excited states and acts as a beam-splitter by transferring k momentum to the wave packet making the transition to the excited state. Then, the two wave packets propagate freely during time T drifting apart with relative momentum k. A mirror pulse is applied at time T interchanging the ground and excited states and reversing their relative momenta. Finally, the two wave packets drift back towards each other during time T and a final beam splitter pulse is applied at time 2T recombining the two wave packets and interfering them. The interferometer's closure in position space can be related to the time-symmetry through: 
). This single-loop interferometer is closed in both momentum and position space. Its sensitivity to acceleration is proportional to the space time area enclosed by the loop. (c) Double-diffraction atom interferometer: two pairs of Raman beams with effective wave vectors ±k i are shined simultaneously on the atoms at three moments in times seperated by time T . DDP1 and DDP3 are double diffraction pulses which act as splitters whereas DDP2 acts as a mirror pulse transferring momentum ∆p = ∓2 k i to ± k i wave packets. The interferometer is totally symmetric and the scale factor is improved by a factor of 2. In cases (b),(c) the phase shift does not depend on the initial velocity of the atoms.
Solving the set of equations (19) and assuming (max |∆ǫ 1 | = 2M, M ≥ 1), any three-pulse AI closed in momentum and position space obeys:
For M = 1, one finds the double-diffraction scheme using for example two-photon Raman transitions [27] and depicted in Fig. 4 .c). In this configuration two pairs of Raman beams simultaneously couple the initial ground state with zero momentum |g, 0 k to the excited state with two symmetric momentum states, |e, ± k . The interferometer is time and space symmetric as ǫ i = −ǫ ′ i . This spatial symmetry can be expressed for any N-pulse AI as:
The separation between the atomic wave packets leaving the first beam splitter is increased by a factor of two, leading to a difference of momenta between the two arms of ∆p = 2 k, hence increasing the spacetime area of the apparatus by a factor of two. One can see that for these two configurations closed in position space, the phase shift does not depend on the initial atomic velocity to first order (i.e. when one neglects inertial forces). When looking at four-pulse AIs, assuming ∆G 1 = ∆G 0 = 0 one finds the Ramsey-Bordé interferometer [29] [30] [31] [32] and the double-diffraction Ramsey-Bordé interferometer (M = 1) depicted in (Fig. 5.a,b ). Finally, cancellation of ∆G 0,1,2 coefficients can be obtained with a five-pulse AI geometry where the middle pulse is not shined. This interferometer which is depicted in (Fig. 5.c) , is the well known doubleloop interferometer consisting of the pulse sequence (π/2, [8] . We give in Table 2 the absolute values of the phase coefficient
for the interferometers described above.
Considering the simple expression of ∆G given in equation (23) , one could think of finding any interferometer configurations (i.e. any sets of vector − − → ∆ǫ i ) for which the interferometer could be selectively sensitive to gravity, acceleration, gravity gradient or rotation by fixing to zero the value of a particular ∆G coefficient and solving:
where V −1 is the inverse Vandermonde Matrix. We will give practical examples of some N-light-pulse interferometers corresponding to the resolution of equation (23), in section 6.
Arbitrary temporal pulse-sequence
Our approach remains consistent when considering non-equally spaced in time laser pulses. In this general case, equation (6) has to be re-written including the instant t i of the i-th laser pulse leading to:
Consequently, ∆G k coefficients are now timedependent but still related to the two-photon pulse sequence of the AI through a so-called Vandermonde matrix V (t1,t2,...,ti,...,tN ) with time-dependent coefficients. Considering a four-pulse double-loop interferometer ∆ ǫ = (1, −2, −2, −1), one can look for solutions in time t i of the laser-pulse sequence assuming ∆G k=0,1 = 0. Applying equation (23) with respect to V (t1,t2,t3,t4) leads to:
The detailed calculations are given in Appendix B considering two cases and assuming t 1 = 0 and t 4 = 1 in dimensionless unit.
In the first case we assumed ∆G 2 = 0. If one refers to Table 1 , in this case, the phase dependent terms which scale quadratically with time t are eliminated. This is interesting when one wants to measure gravity-gradients or rotations. It then comes out that the pulse-sequence is {t 2 = 4 . This pulse-sequence corresponds exactly to the case of the identical doubleloop interferometer found in section 3.A. when one was not varying the inter-pulse time (Fig 5.c) . In the second case we assumed ∆G 3 = 0, hence eliminating all phase terms scaling as t 3 . This case is interesting when one wants to increase the accuracy to acceleration measurement by eliminating T 3 corrections to the phase. We represent in Fig. 6 the pulse sequence {t 2 = √ 5−1
4 } corresponding to a non-identical double-loop interferometer leading
as was found in the previous work of [19] where phase shift calculations were done using density matrix formalism. 
Effect of wave vector change
and photon recoil on the phase shift
Wave vector change
Considering the wave vector change then one has to add a correction to equation (11) leading to:
where one can see that the wave vector change contribution to the phase shift at the order k in the time separation between pulses, is simply obtained from the calculation of ∆G k+1 coefficient.
Recoil phase shift
The two-photon transitions contribute to transfer two photon momenta to the atoms. Thus, the inertial phase shift is modified and one needs to account for
Assuming no rotation and no inhomogeneous acceleration (i.e. gravity gradient), one can express simply the position of the atoms under free-fall at time t i considering the recoil velocity term k/m for an atom of atomic mass m:
where (a) and (b) are the recoil dependent terms associated to the two-photon transition for the upper and lower path respectively. Hence, calculating the classical mid-point position of the atoms one finds:
where (c) represents the recoil effect contribution to the inertial phase shift. In Fig 7 we represent the space-time recoil interferometer paths and the classical mid-point position of the atoms in a Mach-Zehnder geometry with pulse-sequence (π/2, 
Considering the two-photon momenta transfer the inertial phase shift cannot be approximated anymore by equation (9) and one has to account for the recoil effect contribution of (28) . Hence, the inertial phase shift is: (29) where the first term is the inertial phase shift given by equation (26) in the absence of photon recoil, and the second term is the recoil phase shift contribution that can be expressed in the time separation between pulses as:
(30) where we introduce :
for k ≥ 0.
The first term of equation (30) is the well known recoil shift associated to the kinetic energy of an atom absorbing a photon of momentum k, and the two last terms depend on the wave vector change ∆k to the first and second order respectively. These terms may account for corrections to gravity measurement when one considers the variation of the laser frequencies to compensate the Doppler shift of freely falling atoms [24] . One can generalize the recoil phase shift to higher orders in the time separation between pulses by simply writing:
where the F k function takes into account the recoil velocity increment v r in the presence of laser interaction. Thus the recoil velocity is coupled to inertial forces. The photon recoil phase shift contribution is given in Table 3 assuming ∆k = 0 for simplicity. Nevertheless, ∆k = 0 phase shift terms can be obtained by calculating ∆B k and ∆C k coefficients. We give in Table 4 the ∆A k /k! terms for usual interferometers.
One can note that contrary to the Ramsey-Bordé-Chu AI [35] consisting of two pairs of π/2 pulses where the second pair of π/2 pulses propagate in the opposite direction to the first pair, the Ramsey-Bordé interferometer (Fig 4(a) ) used to determine the fine structure constant through a measurement of the atom recoil velocity in [4, 5] is not sensitive to the recoil shift at the first order in time T between pulses (ie ∆A 1 = 0) although recoil velocity dependent terms appear as corrections to the phase in power of k ≥ 3 in time separation between pulses. This main difference comes from the aditional kinetic energy term acquired by the atoms in one of the arm of the Ramsey-Bordé-Chu interferometer, inducing a photon recoil dependence of the phase. However, in order to measure the atomic recoil in the Ramsey-Bordé interferometer, one has to add photon recoil to the atoms in between the two sets of beam splitters. This can be done by implementing a sequence of Bloch oscillations as in [4, 5] , thus leading to a significant sensitivity increase in the recoil measurement. Moreover, recoil phase shift terms presented in Table 3 are responsible for not perfectly closed AIs due to coupling between the atomic recoil with rotations and gravity gradient forces. Focusing on the MachZehnder AI used as a gravimeter with vertically propagating optical pulses (along the z-axis), this means that the classical trajectories of the upper path and the lower path will not exactly intersect at the final beam splitter. The separation distance between the wave packets at the last pulse is given by ∆z = ∂∆Φ rec /∂k 1 ≈
∆A3
3! kzΓzz 2m T 3 when one only looks at the contribution of gravity gradient force. Considering a 87 Rb atom interferometer (λ=780 nm, T = 1 s, k z = 4π λ ), one finds a separation between the wave packets of ∆z ≃ 18 nm. This separation distance is not a problem when using µK-temperature thermal cloud sources obtained from usual optical molasses. Nevertheless, this separation phase shift could become an issue for long baseline AIs (typically T > 5 s) where BEC-based AIs are required [34] .
Total phase shift
The total phase shift of an N-light-pulse AI is simply given by:
where the total inertial phase shift takes into account the wave vector mismatch and recoil effect. One finds:
Where the F k functions are given in Table 1 and Table 3. One can now calculate the total phase shift of any N-light-pulse AI for any cases (A, B) of section 2.
5 Application to the MachZehnder AI
As an application, we use our formulation to calculate the total phase shift ∆Φ MZ of the well-known MachZehnder AI. According to our formulation, the temporal symmetries of the interferometer implies ∆A k = ∆G k ; ∆B k = ∆G k+1 ; ∆C k = 0. Considering equation (36) this leads to a simple expression of the phase shift in terms of F k function:
where ∆ωT is the time dependent laser phase shift which depends on the laser frequency chirp applied to the lasers.
As an application, we evaluate phase terms with parameters corresponding to our transportable cold 87 Rb atom gravimeter based on a (π/2−π−π/2) two-photon Raman pulse sequence, described in [33] . The time between pulses is T = 48 ms with initial velocity components v
, where v ⊥ ≃ 1, 2 cm/s correspond to the transverse velocity of the atoms and v z ≃ 15 cm/s corresponding to the vertical velocity at the first light-pulse. All phase terms are calculated considering the sensor fixed in the local Earth frame defined in section 2. Results are given in Table 5 .
Comparison of our Mach-Zehnder AI phase shift determination can be made with previous work of Antoine et al, Dubetsky et al and Wolf et al [19, 22, 24] with a simple change of variable, considering case A or B of section 2.As an example, in the work of Antoine et al. [22] , the wave vector change is not considered (∆k = 0) and gravity is defined as:
where g 1 is gravity acceleration defined at the first light-pulse. In previous work of [19] one has to consider the rotating Earth frame with initial velocity of the atoms v ′ 1 = v 1 − Ω R 1 with acceleration :
where acceleration a is defined in equation (16) . Finally, in the work of Wolf et al. [24] who studied the effect of wave vector change (∆k = 0) one has to consider our formulation in case B : η = 0 in an inertial frame in the absence of rotation. In all cases we found all phase shifts to be consistent with our novel formulation.
6 Original N-light-pulse AI sensor
Our simple formulation allows to seek for original Nlight-pulse AIs where the phase shift dependences to specific inertial effects could be cancelled, by simply searching solutions to equation (23) and zeroing specific ∆G k coefficients. We give hereafter two theoritical examples of such AIs that would be dedicated to the measurement of the photon recoil.
Photon recoil measurement AIs
Direct and sensitive recoil frequency measurements using a four-pulse Ramsey-Bordé-Chu AI can be used to determine the fine structure constant [35, 36] . Considering Table 1 , Table 3 and Table 4 the atomic phase shift up to the power 2 in time T in the rotating Earth (ie: Case A η = 1) is :
is the recoil frequency of the two photon transition of effective wave vector k 1 , and M is the Bragg diffraction order when using Bragg pulses as LMT beam splitters like in [36] to enhance the sensitivity to the recoil shift by a factor M 2 . One can see from equation (40) that the phase shift is sensitive to inertial forces. In order to make measurements only sensitive to the recoil shift, conjugate interferometer geometries are used to remove the sensitivity to local gravitational acceleration and moreover, simultaneous conjugate interferometers (SCIs) help rejecting common-mode vibrational noise [36] that may affect the interferometer sensitivity. However, for example, gravity gradient effect which scales cubically with time T (see Table 1 ) cannot be totally rejected as the two conjugate interferometers are separated in space. We give hereafter an illustration of how to use our simple formulation to find a theoritical N-pulse AI scheme sensitive to the recoil frequency and independent of gravity acceleration, gravity gradient and Earth rotation.
Example 1: measurement independent of gravity
One can look for an AI that would measure the photon recoil independent of the local gravity acceleration. In this case, one would have to solve equation ( We give in Table 6 the phase shift coefficient values of the interferometer.
One can verify that the total phase shift to the first order in T is:
whereas all terms scaling quadratically with time T are removed. However, gravity gradient and Earth rotation rate remains present within the terms scaling cubically and quartically with time T (ie ∆G 3 and ∆G 4 coefficients).
Example 2: measurement independent of gravity, gravity gradient and Earth rotation
We looked for an AI configuration insensitive to gravity gradient and Earth rotation. For this case we solved ∆G k=0,1,2,3 = 0 with ∆A 1 = 0. Considering for simplicity, optical pulses equally spaced with time T , and assuming max|∆ǫ| = 2, we found several 8-light pulse AI configurations. We give two of these configurations on Fig 9 and Fig. 10 . We give in Table 7 and Table 8 the phase shift coefficient values of the two degenerate interferometer configurations. One can see that the main difference appears in the ∆A 3 /3! coefficient where rotation and gravity gradient are coupled to the atomic recoil leading to a difference of almost an order of magnitude in between the two coefficients. These theoritical AI schemes consider perfect beam splitter pulses. However, practically, the use of non perfect beam splitters induce many two-wave interferences leading to spurious phase shifts and possible contrast loss [37] . This multiple two-wave interference effect is not treated with our theoritical framework. Nevertheless, from a practical point of view, experimental strategies to mitigate this effect could be developped such as the use of a pushing beam at resonance with the atoms to suppress parasitic paths in the interferometer [31] .
Conclusion
In this work we have presented a novel formulation of the phase shift in multipulse atom interferometers considering two-path interferences in the presence of multiple gravito-inertial fields. We showed, considering constant acceleration and rotation and starting from an exact phase shift formula obtained in [22] , that coefficient in the leading terms of the phase shift up to T k dependences could be simply expressed as the product between a so-called Vandermonde matrix, and a vector characterizing the two-photon pulse sequence of the AI. We showed that this formulation could be of practical interest when one wants to use atom interferometers as a selective sensor of some specific inertial field. As an application we presented theoritical examples of original AIs that could be dedicated to photon recoil measurement independent of rotation, gravity, and gravity gradient. We therefore think that this formulation could benefit to the community. A noteworthy attribute of our work is that time dependent accelerations or rotations, could be easily included in our formulation, hence allowing to look for AI configurations where time dependent rotations would be minimized or suppressed as one knows their detrimental effects on atomic gradiometer performances [34] . Finally, multiple-beam atom interferometers have demonstrated to be of interest for precision measurements of physical quantities [38, 39] . Therefore, a possible improvement of this work would be to consider the effect on the interferometer's phase shift of the greater number of interfering paths when dealing with multipulse scheme atom interferometers. CASE (A: η = 1 and B: η = 0)
Rotation Ω; gravity gradient Γ Acceleration a ; initial position Table 3 : Recoil phase shift terms up to the order T 4 (k = 4) assuming ∆k = 0.
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